Introduction
The Cathedral of Santa Maria del Fiore (Saint Mary of the Flower) was founded in 1296. Its majestic dome ('Cupola' in Italian) was constructed between 1420 and 1436 under the direction of Filippo Brunelleschi and now dominates the Florence skyline.
The Cupola consists of two shells, with the inner shell 2.25 m and the outer shell 0.8 m thick at the base, separated by a 1.2 m space and connected by spurs or buttresses. The Cupola is built out of large blocks of sandstone for the first 7 m above its base. From there to the base of the lantern, the masonry is made of clay bricks of different sizes and arranged according to different patterns with the purpose of ensuring the Cupola's structural stability. In order to oppose the centrifugal thrust and to provide an adequate hoop strength, Brunelleschi reinforced the dome using a wood chain located in the space between the two shells, 7.75 m above the base of the Cupola.
According to some scholars, there might also be iron chains inside the masonry, although investigations with metal detectors have failed to provide conclusive evidence. Based on some documents from the period of the construction, thousands of Florentine pounds of iron (1 Florentine pound = 0.34 kg) were purchased during the construction of the dome though only a small fraction of it is currently accounted for [1] .
The dome has been affected by cracks for centuries; some of them are currently 6-8 cm wide and their width increases at a rate of 7.5 mm/century [1] . Figure 1 adapted from [1] shows the location of such cracks.
Detailed knowledge of the structure of the Cupola would benefit the computational models that are used to evaluate its behaviour under static and dynamic (earthquake) conditions. Only the parts of the monument that are directly visible have been extensively studied because techniques capable of imaging the interior structure are limited. Brunelleschi was very secretive about his work and purposely did not leave technical drawings.
We plan to use multiple scattering muon radiography (MSMR) to image the inside of the dome's walls. Cosmic-ray muons are naturally produced in the atmosphere by the interactions of primary cosmic rays with the nuclei present in the atmosphere itself. They have no hadronic interaction with nucleons, and their relatively large mass (of 105.6 MeV c −2 -about 200 times the mass of an electron) limits energy loss due to bremsstrahlung radiation. These properties allow energetic muons to penetrate large amounts of material that are inaccessible to other particles. Muons possess an electric charge and undergo Coulomb scattering off nuclei as they pass through matter.
The first use of cosmic-ray muons for radiography was in 1955 when George measured muon attenuation to determine the overburden of rock above a tunnel [2] . This was followed by Alvarez et al., who used this method to confirm that the Second Pyramid of Giza did not contain any undiscovered chambers [3] , and more recently by several groups examining geologic features [4] [5] [6] [7] [8] [9] [10] . A recent article [11] shows how cosmic-ray muons were used to find a void inside Khufu's pyramid at Giza.
A different method, developed at Los Alamos National Laboratory (LANL), uses measurements of the multiple scattering angles of individual muons passing through an object to create tomographic images of the object's interior structure [12] . This technique was originally developed to inspect cargo containers for illicit trafficking of nuclear material [13, 14] , and has since been applied to the detection of special nuclear materials [15] , used to image nuclear reactors [16, 17] and spent nuclear fuel [18, 19] . The method is based on the fact that muons, when travelling through materials, undergo many individual Coulomb scatterings with the charged atomic nuclei. As a result, they deviate from their initial trajectory and exit the material at an angle with respect to their initial trajectory.
The theory of multiple Coulomb scattering, developed by Moliere and Bethe [20] [21] [22] , predicts, for the muons that go through an object, a Gaussian polar angle distribution with tails. The dominant part of such a distribution can be described by:
where θ is the polar angle and θ 0 is given by
with p being the muon momentum, β its velocity and X 0 the radiation length for the material. The difference in atomic number between materials results in a difference in their radiation length. By measuring the distribution of cosmic muon scattering angles after they traverse an object of interest, an image of the object itself can be reconstructed as described in [23] . By using MSMR on the inner wall of the Florence dome, we will be able to identify and image iron elements inside the masonry of the dome. The MMT taking data around the mock-up of the Cupola wall. The lower detector is still enclosed in a shed after a previous measurement campaign during which it needed to be weather-proof.
In order to prove the feasibility of this approach, a demonstration measurement was performed at LANL during the summer of 2015.
Feasibility study
If any reinforcement structure is present in the masonry of the Cupola's wall, it most likely has to be located inside the inner shell. This shell is much thicker than the outer shell and thus plays a more important role in sustaining the whole structure.
A concrete wall having the same thickness, in radiation lengths, as the inner wall of the dome was built. Both the experimental set-up and the measurement are thoroughly described in [24] .
Three iron bars were placed inside this mock-up wall. The bars had rectangular or square cross sections with different sizes: 4.76 cm × 5 cm, 10 cm × 10 cm and 2 cm × 3 cm. The LANL Mini Muon Tracker (MMT) [25] was used to perform the demonstration measurement. The detector consists of two trackers made of aluminium drift tubes. The two trackers were deployed on opposite sides of the wall, as shown in figure 2 , and collected data for 35 days.
An image of the vertical plane passing through the iron bars was reconstructed as explained in [23] and the resulting image is shown in figure 3a .
All the three iron bars are visible, including the thinnest one. For comparison, a Monte Carlo simulation of the same experimental set-up was performed and its data were analysed with the same analysis technique. The areal density image obtained from the Monte Carlo simulation is shown in figure 3b , whereas a projection along the x-axis of both the experimental data and the simulated results is shown in figure 4 .
The good agreement between the data and the simulation demonstrates that the technique is well understood and that the performances of future measurements can be confidently predicted. This measurement furthermore demonstrates that iron elements inside the inner wall of the dome of the Florence Cathedral could be located and imaged using a pair of muon trackers similar to those used to perform the aforementioned measurement. The time necessary to produce an image of the volume between the two trackers is about a month. 
Detector development and prospects for a future measurement
The pair of trackers used to perform the measurement described in the previous section is too heavy and bulky to be transported up to the base of the Cupola and to be operated there. We are assembling two trackers made of carbon fibre drift tubes closed by conductive plastic endcaps: the trackers are modular, and are made of elements small and light enough to be hand carried to the base of the dome through the narrow spiral staircases leading there. 20 µm diameter anode wire at its centre. The tubes are grouped in modules of 24. Each module has been assembled and tested at the LANL. The modules will be filled with a mixture of Ar, CF 4 and ethane and operated at 1 bar of pressure. The overall size of each tracker, including the electronics, will be 137 cm × 137 cm × 30.5 cm and its weight will be around 130 kg. A mechanical drawing of a single tracker is shown in figure 5a and a picture of one tracker is shown in figure 5b . The efficiency and the gain of the drift tubes were monitored and found stable over a month, the time required to obtain a single image of the volume between the two trackers.
The timing of the tiny (few fC) charge pulses produced at the anode wire of each tube will be read out by custom electronic boards, currently being designed by the University of Pennsylvania group, and that information will be used to determine the trajectory of each muon crossing the trackers. The existing image reconstruction software developed by LANL will then be used to obtain radiographic images of the volume between the two trackers.
Once the trackers are fully assembled and tested, they will be shipped to Florence, deployed and operated on two opposite sides of the inner wall of the dome of Santa Maria del Fiore as shown in figure 6 . We aim at imaging a vertical slice of the inner shell in rib vault number 4 or 6-both affected by cracks-from the springing of the Cupola up to the first oculus above it: if any reinforcement structure were present inside the dome, it would likely be located in this region, where the centrifugal thrust is strongest.
The two trackers will be held in place by support/guide cables. They will be operated at each location for about one month and each measurement will yield a 3D image of the inner wall 1 m × 1 m × 2.25 m in size, the volume between the two trackers. In between different measurements, the trackers will be moved to their next location along the guide cables.
A 25 m vertical slice of the dome will therefore require about 2 years to be fully imaged.
The data taking and analysis will be performed by a team of researchers from LANL, the University of Florence and the University of Pennsylvania.
The scientists at the University of Florence are currently evaluating the feasibility and the potential of a complementary measurement using muon absorption radiography [26] . The two measurements together will provide an independent verification of the existence and location of metal reinforcement elements inside the Cupola wall. The measurement will begin once the detectors are ready, subject to the availability of funding. 
